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Abstract
In this paper, the zero distribution of diﬀerential-diﬀerence polynomials
[f (z)nf (z + c)](k) and [f (z)ncf ](k) will be considered. The results can be seen as the
diﬀerential-diﬀerence analogues of Hayman conjecture.
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1 Introduction andmain results
In this paper, we use the basic notations of Nevanlinna theory [, ]. Given ameromorphic
function f (z), recall that α(z) ≡ ,∞ is a small function with respect to f (z) if T(r,α) =
S(r, f ), where S(r, f ) is used to denote any quantity satisfying S(r, f ) = o(T(r, f )), and r → ∞
outside of a possible exceptional set of ﬁnite logarithmic measure.
A Borel exceptional polynomial of f (z) is any polynomial p(z) satisfying
λ
(




log+N(r, f (z)–p(z) )
log r < ρ(f ),
where λ(f (z) – p(z)) is the exponent of the convergence of zeros of f (z) – p(z) and ρ(f ) is
the order of f (z). In the following, we assume that c is a nonzero complex constant, n and
k are positive integers unless otherwise speciﬁed.
The zero distribution of diﬀerential polynomials is a classical topic in the theory ofmero-
morphic functions. Hayman [, Theorem ] ﬁrstly considered the value distribution of
f nf ′ – , where f is a transcendental function. Then later this topic was considered by sev-
eral authors such as [, ].
Theorem A ([, Theorem ]) Let f be a transcendental meromorphic function. If n ≥ ,
then f nf ′ –  has inﬁnitely many zeros.
Since f nf ′ can be written as (f n+)′n+ , Wang and Fang [] improved Theorem A by proving
the following result.
TheoremB ([, Corollary ]) Let f be a transcendental meromorphic function. If n≥ k+,
then (f n)(k) –  has inﬁnitely many zeros.
The diﬀerence logarithmic derivative lemma, given by Chiang and Feng [, Corol-
lary .], Halburd and Korhonen [, Theorem .], [, Theorem .], plays an important
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part in considering the diﬀerence analogues of Nevanlinna theory. With the development
of diﬀerence analogue of Nevanlinna theory, many authors paid their attention to the zero
distribution of diﬀerence polynomials [–]. Laine and Yang [, Theorem ] ﬁrstly
considered the zero distribution of f (z)nf (z + c) – a, where a is a nonzero constant, Liu
and Yang [, Theorems . and .] also considered the zeros of f (z)nf (z + c) – p(z) and
f (z)ncf – p(z), where cf := f (z + c) – f (z) and p(z) is a nonzero polynomial. These re-
sults are summarized in Theorem C below, and they can be seen as diﬀerence analogues
of Theorem A.
Theorem C Let f be a transcendental entire function of ﬁnite order and p(z) be a nonzero
polynomial. If n≥ , then f (z)nf (z+ c) –p(z) has inﬁnitely many zeros. If f is not a periodic
function with period c and n≥ , then f (z)ncf – p(z) has inﬁnitely many zeros.
As the results on the diﬀerence analogues of Theorem B, Liu, Liu and Cao [] investi-
gated the zeros of [f (z)nf (z + c)](k) – α(z) and [f (z)ncf ](k) – α(z), where α(z) is a nonzero
small function with respect to f (z). Some results can also be found in [] on the case that
α(z) is a nonzero polynomial.
TheoremD ([, Theorems . and .]) Let f be a transcendental entire function of ﬁnite
order and α(z) be a nonzero small function with respect to f (z). If n≥ k +, then [f (z)nf (z+
c)](k) – α(z) has inﬁnitely many zeros. If f is not a periodic function with period c and n ≥
k + , then [f (z)ncf ](k) – α(z) has inﬁnitely many zeros.
However, we remark that the zeros of [f (z)nf (z + c)](k) or [f (z)ncf ](k) were not men-
tioned in [, ].Wewill consider this problem in this paper, some ideas of proofs partially
relying on the ideas used in [, ].
It is easy to know that if f has inﬁnitelymany zeros, then f (z)nf (z+c) must have inﬁnitely
many zeros. In fact, we mainly get some results on the case that n = . The following ex-
ample shows that f (z)f (z+ c) can admit inﬁnitely many zeros, however, [f (z)f (z+ c)](k) has
ﬁnitely many zeros.
Example  Suppose that ec = – and f (z) = ez + . Then f (z)f (z + c) =  – ez has inﬁnitely
many zeros, but [f (z)f (z + c)](k) = –kez has no zeros.
What conditions will guarantee that [f (z)f (z + c)](k) can admit inﬁnitely many zeros?
Obviously, the value  is the Borel exceptional value of f (z) in Example . Here, we obtain
the following result.
Theorem. Let f be a ﬁnite order transcendental entire function with a Borel exceptional
polynomial q(z). Then the following statements hold.
(i) If q(z)≡ , then [f (z)f (z + c)](k) has no nonzero Borel exceptional value.
(ii) If q(z) ≡  and deg(q(z)) < k , then [f (z)f (z + c)](k) has inﬁnitely many zeros, except
in the case f (z) = Aq(z)eαz + q(z) and ec = –, where A is a nonzero constant.
(iii) If deg(q(z))≥ k , then [f (z)f (z + c)](k) has inﬁnitely many zeros.
Remark  () If q(z) ≡ , then [f (z)f (z + c)](k) can admit ﬁnitely or inﬁnitely many zeros.
For example, if f (z) = zez and ec = , then [f (z)f (z + c)](k) = p(z)ez has ﬁnitely many zeros,
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where p(z) is a polynomial in z. If f (z) = (ez + )ez and ec = –, thus the value  is a Borel
exceptional value of f (z), then [f (z)f (z+ c)]′ = [(z+c)– (z+c)ez]ez+(z+c) has inﬁnitely
many zeros, but λ([f (z)f (z + c)]′) =  < ρ([f (z)f (z + c)]′) = .
() From Example , we know that the exceptional case in (ii) can occur.
If f has ﬁnitely many zeros, then f (z)nf (z + c) must have ﬁnitely many zeros; however,
f (z)ncf can admit inﬁnitely many zeros. The following example shows that the zero dis-
tribution of f (z)ncf is diﬀerent from that of f (z)nf (z + c).
Example  Suppose that ec = – and f (z) = ez . Then f (z)nf (z + c) has no zeros, but
f (z)ncf = e(n+)z
 (ezc+c – ) has inﬁnitely many zeros.
Chen [] investigated the problem: what conditions will guarantee that f (z)ncf have
inﬁnitely many zeros. From the following Example , we know that the zero distribution
of [f (z)ncf ](k) may be diﬀerent from that of f (z)ncf .
Example  Suppose that f (z) = ez + z of ρ(f ) =  and ec = . Then f (z)cf = c(ez + z) has
inﬁnitely many zeros, but [f (z)cf ](k) = cez has no zeros, where k ≥ .
Thus, it is natural to consider what conditions can guarantee that [f (z)ncf ](k) have in-
ﬁnitely many zeros. We obtain the following theorems.
Theorem . Let f be a transcendental entire function with ﬁnite order, n ≥ , cf ≡ .
If f (z) has ﬁnitely many zeros and ρ(f ) = , then [f (z)ncf ](k) has inﬁnitely many zeros. If
f (z) has ﬁnitely many zeros and ρ(f ) = , then [f (z)ncf ](k) has ﬁnitely many zeros.
In the case of n = , by using a similar method as in the proof of Theorem ., we have
the following result.
Theorem . Let f be a ﬁnite-order transcendental entire function with a Borel excep-
tional polynomial q(z), k be a positive integer,cf ≡ . Then the following statements hold.
(i) If q(z)≡ , then [f (z)cf ](k) has no nonzero Borel exceptional value.
(ii) If q(z) ≡  and degq(z) < k+ , then [f (z)cf ](k) has inﬁnitely many zeros, except in
the case f (z) = Aeαz + q(z) and ec = , where q(z) is not a constant and A is a nonzero
constant.
(iii) If degq(z)≥ k+ , then [f (z)cf ](k) has inﬁnitely many zeros.
Remark  From Example , we know that the exceptional case in (ii) can occur.
2 Some lemmas
The ﬁrst lemma is the characteristic function relationship between f (z) and f (z + c), pro-
vided that f (z) is a transcendental meromorphic function of ﬁnite order.




r, f (z + c)
)
= T(r, f ) + S(r, f ). (.)
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From (.) and the classical result of Nevanlinna theory, we know that ρ(f ) = ρ(f (z+c)) =
ρ(f (k)).
Following Hayman [, pp.-], we deﬁne an ε-set E to be a countable union of discs
not containing the origin and subtending angles at the origin whose sum is ﬁnite. If E is
an ε-set, then the set of r ≥  for which the circle S(, r) meets E has ﬁnite logarithmic
measure.
Lemma . ([]) Let g(z) be a transcendental meromorphic function of ρ(g) < , h > .
Then there exists an ε-set E such that
g ′(z + c)
g(z + c) →  and
g(z + c)
g(z) →  as z → ∞ in C \ E,
uniformly in c for |c| ≤ h. Further, E may be chosen so that for large z ∈ E, the function g
has no zeros or poles in |ζ – z| ≤ h.
Lemma. ([, Theorem .]) Let fj(z) bemeromorphic functions, fk(z) (k = , , . . . ,n–)
be not constants, satisfying
∑n















where λ < , k = , , . . . ,n – , then fn(z)≡ .
Lemma . ([, Theorem .]) Let fj(z) (j = , , . . . ,n) (n≥ ) be meromorphic functions,
gj(z) (j = , , . . . ,n) be entire functions satisfying
(i)
∑n
j= fj(z)egj(z) ≡ ,
(ii) when ≤ j < k ≤ n, gj(z) – gk(z) is not a constant,
(iii) when ≤ j ≤ n, ≤ h < k ≤ n, T(r, fj) = o(T(r, egh–gk )) (r → ∞, r /∈ E), where
E ⊂ (,∞) is of ﬁnite linear measure or ﬁnite logarithmic measure. Then fj(z)≡ 
(j = , , . . . ,n).
For the proofs of Theorems . and ., we need the following results, which are related
to the growth of solutions of linear diﬀerence equations. Here, we give the versions with
small changes of the type of equations; the proofs are similar.
Lemma. ([, Theorem.]) Let A(z), . . . ,An(z) be entire functions such that there exists












If f (z) is a nontrivial meromorphic solution of the equation
An(z)y(z + cn) + · · · +A(z)y(z + c) +A(z)y(z) = ,
then ρ(f )≥ ρ(Al(z)) + .
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degPj(z) : j = , . . . ,n
}≥ . (.)
Then every ﬁnite order meromorphic solution f (z) ( ≡ ) of the equation
Pn(z)f (z + cn) + · · · + P(z)f (z + c) + P(z)f (z) =  (.)
satisﬁes ρ(f )≥ .
3 Proofs of Theorem 1.1 and Theorem 1.3
The ideas for the proof of Theorem . and Theorem . are similar, here we just give a
complete proof of Theorem ..
Since q(z) is a Borel exceptional polynomial of f (z), the transcendental entire function
f (z) with ﬁnite order can be written as f (z) = q(z) +h(z)eαzs , where α is a nonzero constant
and h(z) is a nonzero entire function with λ(h)≤ ρ(h) < ρ(f ) = s. Hence,
f (z + c) = q(z + c) + h(z + c)eα(z+c)s = q(z + c) + h(z)eαz
s , (.)
where
h(z) = h(z + c)eα(C
s zs–c+Cs zs–c+···+Cs–s zcs–+cs), (.)
and ρ(h) < ρ(f ) = s. Assume that [f (z)f (z + c)](k) has ﬁnitely many zeros. Then from
Hadamard’s factorization theorem and Lemma ., we have
[
f (z)f (z + c)
](k) = A(z)eβzs , (.)
where A(z) is an entire function with ﬁnitely many zeros and ρ(A) < s, β is a nonzero




q(z + c) + h(z)eαz
s)](k) –A(z)eβzs = , (.)
which implies that
[
q(z)q(z + c) + q(z)h(z)eαz
s + q(z + c)h(z)eαzs
+ h(z)h(z)eαz








whereDj(z) are diﬀerential polynomials of h(z), h(z), q(z), q(z+ c) and ρ(Dj(z)) < s, j = , .
Case (i). If q(z) ≡ , then [f (z)f (z + c)](k) = D(z)eαzs , where ρ(D(z)) < s. This implies
that the value  is a Borel exceptional value of [f (z)f (z + c)](k). Since entire functions have
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at most one Borel exceptional value, the function [f (z)f (z + c)](k) has no nonzero ﬁnite
Borel exceptional value.
Case (ii). If deg(q(z)) < k and q(z) ≡ , then [q(z)q(z + c)](k) ≡ . From Lemma ., we
get D(z)≡  and D(z) –A(z)≡ . We will prove that B(z) := q(z)h(z) + q(z + c)h(z)≡ ,
where ρ(B(z)) < s. If k = , then
B′(z) + αszs–B(z) = . (.)
Thus, the nontrivial solution B(z) of diﬀerential equation (.) satisﬁes ρ(B(z)) = s, which
is a contradiction with ρ(B(z)) < s, thus B(z) ≡ . If k = , let g(z) = B′(z) + αszs–B(z).
Then
g ′(z) + αszs–g(z) = . (.)
This implies that ρ(g(z)) = s, a contradiction with ρ(g(z))≤ ρ(B(z)) < s. Thus g(z)≡  and
B(z)≡ . Using this method for any positive integer k, we can get B(z)≡ , and so
q(z + c)h(z) + q(z)h(z + c)eα(Cs zs–c+Cs zs–c+···+Cs–s zcs–+cs) ≡ .
We get s = , from Lemma . and ρ(h) < s, thus the above equation implies that
q(z + c)h(z) + q(z)h(z + c)eαc ≡ . (.)
Combining (.), ρ(h) < s =  with Lemma ., we get the degree of q(z + c) + q(z)eαc must
be less than the degree of q(z) if q(z) is a nonconstant polynomial or q(z) is a constant. If
q(z) is a nonconstant polynomial, then eαc = –. Hence,
q(z + c)h(z) – q(z)h(z + c)≡ ,
which implies that h(z+c)q(z+c) =
h(z)
q(z) , thus H(z) =
h(z)
q(z) is a periodic function with period c. Since
ρ(H) = ρ(h) < , thus H(z) must be a constant A, which implies that h(z) must be a poly-
nomial of the form h(z) = Aq(z).
If q(z) is a constant, we have h(z) + h(z + c)eαc ≡ . From Lemma . and ρ(h) < s = , we
get eαc = –. Thus h(z) must be a constant, hence h(z) and q(z) are both constants, and so
we may write h(z) = Aq(z).
Case (iii). If deg(q(z)) ≥ k , then [q(z)q(z + c)](k) ≡ . Combining ρ(Dj(z)) < s, j = , ,














which is impossible. Thus [f (z)nf (z + c)](k) has inﬁnitely many zeros. The proof of Theo-
rem . is completed.
Liu et al. Advances in Diﬀerence Equations 2012, 2012:164 Page 7 of 8
http://www.advancesindifferenceequations.com/content/2012/1/164
4 Proof of Theorem 1.2
Suppose that ρ(f ) =  and f has ﬁnitely many zeros. Thus, from Hadamard’s factorization
theorem, f (z) can be written as f (z) = g(z)eh(z), where g(z) ≡ , h(z) are polynomials, and
deg(h(z))≥ . Suppose that [f (z)ncf ](k) has ﬁnitely many zeros. Then
[
g(z)ng(z + c)enh(z)+h(z+c) – g(z)n+e(n+)h(z)
](k) = g(z)eh(z), (.)
which implies that
g(z)enh(z)+h(z+c) + g(z)e(n+)h(z) – g(z)eh(z) = , (.)
where g(z), g(z) are nonzero polynomials.
To avoid a contradiction with Lemma ., we get nh(z) +h(z+ c) –h(z) and (n+ )h(z) –
h(z) are constants. Thus, we get h(z + c) – h(z) is a constant, then deg(h(z)) = , a contra-
diction with deg(h(z))≥ .
If f has ﬁnitely many zeros and ρ(f ) = , which implies that f (z) = p(z)ebz . Thus,
[f (z)ncf ](k) = p(z)e(n+)bz has ﬁnitely many zeros, where p(z) is a nonzero polynomial.
Thus, we have completed the proof of Theorem ..
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